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1. Let (1 be a denumerable set of complex numbers in the open upper half 
plane, and let L2(rl) d enote the closed subspace of L2(0, co) spanned by the 
functions (exp ihx 1 X E Rj. For what sets .4 is the differential operator 
(Df)(x) =q, 
a bounded linear transformation from L2(fl) into itself, and when does its 
inverse 
Kf) (4 = - imf (4 du z 
satisfy the same property? We will answer both of these questions shortly, 
and then generalize the results to include closed subspaces of P(0, 00) that 
are invariant under the semigroup of left translations. 
An essential tool needed in our subsequent work is a special isometric 
mapping from L2(0, CO) onto H2, the Hardy space of analytic functions 
having square-integrable boundary values on the unit disc. (All the informa- 
tion about Hs that we will ever use can be readily found in [3]; this will serve 
as a general reference for notation and terminology as well.) 
To construct the desired map J, we first observe that P, where 7t = 0, l,... 
is an orthogonal basis for H2, and then recall from [2] that a corresponding 
orthonormal basis in L2(0, CD) is given by the Laguerre functions 
g&4 = $ exp (5) & [x” exp(- x)]. 
We define J by setting 
VCG J(gJ = zn 
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and then extend this transformation linearly in the obvious way. The result 
is clearly a norm preserving map from L2(0, co) onto H2 which, as we shall 
see in a moment, has other agreeable properties. 
It follows directly from the definition of a Laguerre function that 
- Wgn) = gn + 2z.k (O<K<n-1) 
and a simple computation reveals the important identity 
where 
2JDJ-l = (T+I)(T-1)-l, (1) 
Gw (4 = Hf(4 -f(O)>. 
The right side of (1) is well defined on the range of T - I, a set whose closure 
is certainly all of H2 because it contains every polynomial in z. Thus D is 
unitarily equivalent to a rational function of the reverse shift operator acting 
on a dense manifold of the Hardy space. This fact impels us to focus our 
attention on T instead of D. 
2. It is well known from the fundamental work of Beurling [I] that every 
closed subspace of H2 which is invariant under the action of T* has a repre- 
sentation of the form GH2 where G is a bounded analytic function defined in 
the interior of the unit disc whose modulus is equal to one almost everywhere 
on the boundary. The function G which appears in Beurling’s theorem is 
frequently called an inner function, and is uniquely determined up to multi- 
plication by a complex constant of modulus one. Thus every invariant 
subspace of T* generates its own inner function and vice versa. Moreover, 
since the orthogonal complement of an invariant subspace for TX is also an 
invariant subspace for its adjoint, the comments just made about T* apply 
equally well to T itself. 
We will next show that any closed subspace of the formL2(A) is mapped by 
J onto a subspace which is invariant under the action of T, i.e., 
TJ(L2W = J(L2VN. 
To accomplish this, we take the familiar classical formula [2, p, 951 
(2) 
C Pg,(x) = (1 - z)-’ exp [G rs)] (n 2 0). 
Multiply both sides by the function 
e,+(x) = exp(iAx) (Im h > 0) 
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and then integrate over the positive real axis to get 
dG (JeJ (z) = g&+2(; -+;;)I-‘. (3) 
Since the functions e, span L2(A) when X runs through A, and since the 
right side of (3) is an eigenfunction of T, the validity of (2) is completely 
established. 
If we set 
2ih + 1 @(A) = ____ 
2ih - 1 (4) 
and invoke (3) again, the inner function associated with the invariant subspace 
J(L2(A)) is found to have the form 
(5) 
where the product is taken over all t E @(.4). One can verify the truth of this 
last statement by simply observing that the orthogonal complement of 
J(Ls(A)) consists of all functions in Hs which vanish at the zeros of G(x). 
The Blaschke product defined by (5) converges if and only if 
q1 - I f I) < co 4 E @V). (6) 
It diverges if and only if the functions 
d,(z) = (1 - &Z-l f E @(A) 
are dense in H2. Owing to the mapping properties of @, condition (6) implies 
that L2(A) is properly contained in L2(0, co) if and only if 
c Imh 1+ /AlaCoo hEA. 
This criterion was first discovered by Muntz [6] for real exponentials, and 
later extended to cover the complex case by Szasz [7]. 
In the author’s thesis [5], the spectrum of T restricted to an arbitrary 
invariant subspace was described in terms of the inner function associated 
with that subspace. The relevant facts are recorded below. 
AUXILIARY THEOREM. Let X be any complex number of modulus one. Let 
a(T IL) denote the spectrum of T restricted to the invariant subspace L, and let 
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H2 = L @ GH2. Then the point h lies outside u( T 1 L) if and only if G is uni- 
formly bounded away from zero in the intersection of some neighborhood of A* 
with the interior of the unit disc. 
The main results of this note are now within reach. 
THEOREM 1. The d@rential operator 
(Of) (x) = F 
is a bounded map from L2(A) into itse2f if and only if L2(A) is properly contained 
in L2(0, co) and the closure of A is compact. 
Proof. We first suppose that12(A) is properly contained in L2(0, co). Then 
the inner function associated with J(L2(A)) is a convergent Blaschke product 
whose zeros comprise the points of @(A). If the closure of A is also compact, 
a swift inspection of (4) indicates that the closure of @(A) avoids the point 
z = 1. This means that the Blaschke product is uniformly bounded away 
from zero in some neighborhood of x = 1, and one concludes from the 
auxiliary theorem that T - I has a bounded inverse. It follows by virtue of (1) 
that D itself is therefore bounded, and the proof of sufficiency is complete. 
The proof of necessity is clear if one merely examines the action of D on e, . 
THEOREM 2. The integral operator 
Kf) (x) = - fmf (u) du 
is a bounded map from L2(A) into itself if and only zfL2(A) is properly contained 
in L2(0, co) and the closure of A does not contain the origin. 
Proof. We proceed exactly as we did before in Theorem 1. If the origin 
falls outside the closure of A, and if L2(A) differs from L2(0, co), then the 
closure of @(A) avoids the point x = - 1. In this case, the same argument 
used in Theorem 1 implies that T + I has a bounded inverse, and we infer 
from (1) that K itself must be bounded. Once more, the proof of necessity is 
obvious. 
The final result of this section is a direct by-product of our last two theorems. 
COROLLARY. If L2(A) is a proper subspace of L2(0, co), and sf the closure of A 
is a compact set which does not contain the origin, then each function in L2(A) 
has derivatives of all orders and these derivatives are again square integrable. 
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3. What has been done for spaces generated by pure exponentials can be 
further generalized to include closed subspaces of L2(0, co) which are invar- 
iant under the semigroup of left translations. The study of such spaces was 
initiated by Lax [4], who recognized the importance of Fourier transform 
theory and deftly exploited the one-sided Paley-Wiener theorem. 
If we set 
\/2~ (Ff) (u) = jrf(u) exp(ia) du (Im (5 > 0) 
and take H2 to represent the Hilbert space of analytic functions in the open 
upper half plane whose L2 norms are uniformly bounded on lines parallel 
to the real axis, the Paley-Wiener theorem says that 
F(L2(0, co)) = rlz. 
Now, for any g E L2(0, co) and any h > 0, define (T,g) (x) to be the restric- 
tion of g(x + h) to the nonnegative reals, and let L be any closed subspace of 
L2(0, co) such that 
T,(L) c L (h > 0). 
According to Lax’s theorem, we have 
F(LI) = Gfi2, 
where G is an inner function for the half plane of the form 
Here a > 0, p(u, U) is the Cauchy kernel for the upper half plane 
fl(u, 4 = $ [(, q; f 4 1 9 
and v is a finite nonnegative singular measure on the line. (The Blaschke 
product whose zeros comprise the points in A must converge, but we do not 
exclude the possibility that /l may be empty or that multiple zeros may 
occur.) We should perhaps remark parenthetically that two particular inner 
functions are of special interest. In the case where L = L2(A), it is easy to 
see that 
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On the other hand, if 
*TZ 
G(o) = (‘1;:; 
) , 
one can check that L is spanned by the exponential polynomials 
exp(iAx), x exp(ihx),..., P--l exp(ihx). 
Finally, a routine computation involving (3) indicates that the diagram 
below commutes 
if we set 
(Qf) (4 = &f ( ;; : ; ) . 
This means that TJ(L) C J(L) f or all left translation invariant spaces L, and 
a repetition of the reasoning used in Section 2 yields our last two results. 
THEOREM 3. Let L be any proper left translation invariant subspace of 
L2(0, XJ) whose inner fun&m has the form given by Eq. (7). Then the d@rential 
operator D is a bounded map from L into itself if and only if the following three 
conditions are satisfied. 
(a) The closure of A is compact. 
(b) The measure v has bounded support, 
(c) The constant a vanishes. 
THEOREM 4. Let L satisfy the initial hypothesis of Theorem 3. Then the 
integral operator K is a bounded map from L into itself af and only sf both A and 
the support of v are unaformly bounded away from zero. 
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